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The urrently observed aelerated expansion of the Universe suggests that osmi ow dynamis
is dominated by some unknown form of dark energy haraterized by a large negative pressure. This
piture omes out when suh a new ingredient, beside baryoni and dark matter, is onsidered as
a soure in the r.h.s. of the eld equations. Essentially, it should be some form of un-lustered,
non-zero vauum energy whih, together with (lustered) dark matter, should drive the global
osmi dynamis. Among the proposals to explain the experimental situation, the onordane
model, addressed as ΛCDM, gives a reliable snapshot of the today observed Universe aording
to the CMBR, LSS and SNeIa data, but presents dramati shortomings as the oinidene and
osmologial onstant problems whih point out its inadequay to fully trae bak the osmologial
dynamis. On the other hand, alternative theories of gravity, extending in some way General
Relativity, allow to pursue a dierent approah giving rise to suitable osmologial models where a
late-time aelerated expansion an be ahieved in several ways. This viewpoint does not require
to nd out andidates for dark energy and dark matter at fundamental level (they have not been
deteted up to now), it takes into aount only the observed ingredients (i.e. gravity, radiation
and baryoni matter), but the l.h.s. of the Einstein equations has to be modied. Despite of this
modiation, it ould be in agreement with the spirit of General Relativity sine the only request is
that the Hilbert-Einstein ation should be generalized asking for a gravitational interation ating,
in priniple, in dierent ways at dierent sales. We survey the landsape of f(R) theories of gravity
in their various formulations, whih have been used to model the osmi aeleration as alternatives
to dark energy and dark matter. Besides, we take into aount the problem of gravitational waves
in suh theories. We disuss some suesses of f(R)-gravity (where f(R) is a generi funtion of
Rii salar R), theoretial and experimental hallenges that they fae in order to satisfy minimal
riteria for viability.
Keywords : alternative theories of gravity; dark energy; dark matter; gravitational radiation.
I. INTRODUCTION
Theories of gravity, alternative to Einstein's General Relativity (GR), have been proposed to ure the problems
of the standard osmologial model and, above all, beause they arise in quantizations of gravity. These alternative
gravitational theories onstitute at least an attempt to formulate a semi-lassial sheme in whih GR and its most
suessful features an be reovered. One of the most fruitful approahes thus far has been that of Extended Theories
of Gravity (ETGs), whih have beome a paradigm in the study of the gravitational interation. ETGs are based on
orretions and extensions of Einstein's theory. The paradigm onsists, essentially, of adding higher order urvature
invariants and/or minimally or non-minimally oupled salar elds to the dynamis; these orretions emerge from
the eetive ation of quantum gravity [1℄.
Further motivation to modify GR arises from the problem of fully implementing Mah's priniple in a theory
of gravity, whih leads one to ontemplate a varying gravitational oupling. Mah's priniple states that the loal
inertial frame is determined by the average motion of distant astronomial objets [2℄. This fat would imply that the
gravitational oupling here and now is determined by the distant distribution of matter, and it an be sale-dependent
and related to some salar eld. As a onsequene, the onept of inertia and the Equivalene Priniple have to
be revised. Brans-Dike theory [3℄ onstituted the rst onsistent and omplete theory alternative to Einstein's GR.
Brans-Dike theory inorporates a variable gravitational oupling strength whose dynamis are governed by a salar
eld non-minimally oupled to the geometry, whih implements Mah's priniple in the gravitational theory [3, 4, 5℄.
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2Independent motivation for extending gravity omes from the fat that every uniation sheme of the fundamental
interations, suh as Superstring, Supergravity, or Grand Unied Theories exhibit eetive ations ontaining non-
minimal ouplings to the geometry or higher order terms in the urvature invariants. These ontributions are one-loop
or higher loop orretions in the high-urvature regime approahing the full, and still unknown, quantum gravity
regime [1℄. Speially, this sheme was adopted in the study of quantum eld theory on urved spaetime and it was
found that interations between quantum salar elds and bakground geometry, or gravitational self-interations,
yield suh orretions to the Einstein-Hilbert Lagrangian [6℄. Moreover, it has been realized that these orretive
terms are inesapable in the eetive ation of quantum gravity lose to the Plank energy [7℄. Of ourse, all these
approahes do not onstitute a full quantum gravity theory, but are needed as working shemes toward it.
In summary, higher order terms in the invariants of the Riemann tensor, suh as R2, RµνRµν , R
µναβRµναβ , RR,
or RkR, and non-minimal oupling terms between salar elds and geometry suh as φ2R, have to be added to the
eetive gravitational Lagrangian when quantum orretions are introdued. These terms our also in the eetive
Lagrangian of string or Kaluza-Klein theories when a mehanism of ompatiation of extra spatial dimensions is
used [8℄.
From a oneptual point of view, there is no a priori reason to restrit the gravitational Lagrangian to a linear
funtion of the Rii salar R minimally oupled with matter [9℄. Furthermore, the idea has been proposed that
there are no exat laws of physis, in the sense that the eetive Lagrangians desribing physial interations ould
be stohasti funtions at the mirosopi level. This property would imply that loal gauge invarianes and the
assoiated onservation hold only in the low energy limit and the fundamental onstants of physis an vary [10℄.
Besides fundamental physis motivations, all these theories have been the subjet of enormous attention in osmology
due to the fat that they naturally exhibit an inationary behaviour whih an overome the shortomings of the
GR-based standard osmologial model. The osmologial senarios arising from ETGs seem realisti and apable of
reproduing observations of the the osmi mirowave bakground (CMB) [11, 12, 13℄. It has been shown that, by
means of onformal transformations, the higher order and non-minimally oupled terms an be related to Einstein
gravity with one or more salar elds minimally oupled to9 gravity [14, 15, 16, 17, 18℄.
Higher order terms always appear as ontributions of even order in the eld equations. For example, the term R2
produes fourth order equations [19℄, R R gives sixth order equations [18, 20℄, R2R eighth order equations [21℄,
and so on. By means of a onformal transformation, any seond order derivative term orresponds to a salar eld.
1
.
Fourth-order gravity orresponds to Einstein gravity with one salar eld, sixth-order gravity to Einstein gravity with
two salar elds, et. [18, 22℄ It is also possible to show that f(R) gravity is equivalent not only to a salar-tensor
theory, but also to GR plus an ideal uid [23℄. This feature beomes interesting if multiple inationary events are
desired, beause an early inationary stage ould selet very large sale strutures (observed as lusters of galaxies
today), while a later inationary epoh ould selet smaller sale strutures (observed as galaxies today) [20℄, with
eah inationary era orresponding to the dynamis of a salar eld. Finally, these extended shemes ould naturally
solve the graeful exit problem bypassing the shortomings of known inationary models [13, 24℄.
In addition to the revision of standard osmology at early epohs with the onept of ination, a new approah is
neessary also at late epohs. ETGs ould play a fundamental role also in this ontext. In fat, the inreasing bulk
of data aumulated in the past few years have nurtured a new osmologial model referred to as the Conordane
Model. The Hubble diagram of type Ia Supernovae (hereafter SNeIa) measured by both the Supernova Cosmology
Projet [25℄ and the High-z Team [26℄ up to redshifts z ∼ 1, has been the rst piee of evidene that the universe
is urrently undergoing a phase of aelerated expansion. Balloon-born experiments, suh as BOOMERanG [27℄ and
MAXIMA [28℄, have deteted the rst and seond peak in the anisotropy spetrum of the CMB radiation indiating
that the geometry of the universe is spatially at. In onjuntion with onstraints on the matter density parameter ΩM
oming from galaxy lusters, these data indiate that the universe is dominated by an unlustered uid with negative
pressure, generially dubbed dark energy, whih is able to drive the aelerated expansion. This piture has been
further strengthened by the reent preise measurements of the CMB spetrum obtained by the WMAP experiment
[29, 30, 31℄, and by the extension of the SNeIa Hubble diagram to redshifts higher than one [32℄. An overwhelming
ood of papers has appeared following this observational evidene, presenting a great variety of models trying to
explain this phenomenon. The simplest explanation is the well known osmologial onstant Λ [33℄. Although it is the
best t to most of the available astrophysial data [29℄, the ΛCDM model fails in explaining why the inferred value
of Λ is so tiny (120 orders of magnitude smaller) in omparison with the typial vauum energy values predited by
partile physis and why its energy density is omparable to the matter density today (the oinidene problem).
As a tentative solution, many authors have replaed the osmologial onstant with a salar eld rolling down its
potential and giving rise to the model referred to as quintessene [34, 35℄. Even when suessful in tting the data,
1
The dynamis of these salar elds are governed given by a seond order Klein-Gordon-like equation.
3the quintessene approah to dark energy is still plagued by the oinidene problem sine the dark energy and matter
densities evolve dierently and reah omparable values for a very limited portion of the osmi evolution oiniding
at the present era. To be more preise, the quintessene dark energy is traking matter and evolves in the same way
for a long time. But then, at late times, somehow it has to hange its behavior from traking the dark matter to
dominating as a osmologial onstant. This is the oinidene problem of quintessene.
Moreover, the origin of this quintessene salar eld is unknown, leaving a great unertainty on the hoie of the
salar eld potential. The subtle and elusive nature of dark energy has led many authors to look for ompletely
dierent senarios able to give a quintessential behavior without the need for exoti omponents. To this end, it is
worth stressing that the aeleration of the universe only alls for a dominant omponent with negative pressure, but
does not tell us anything about the nature and the number of osmi uids lling the universe. This onsideration
suggests that it ould be possible to explain the aelerated expansion by introduing a single osmi uid with an
equation of state ausing it to at like dark matter at high densities and dark energy at low densities. An attrative
feature of these models, usually referred to as Unied Dark Energy (UDE) or Unied Dark Matter (UDM) models, is
that suh an approah naturally solves, al least phenomenologially, the oinidene problem. Interesting examples
are the generalized Chaplygin gas [36℄, the tahyon eld [37℄ and the ondensate osmology [38℄. A dierent lass of
UDE models has been proposed [39℄ in whih a single uid is onsidered: its energy density sales with the redshift in
suh a way that the radiation-dominated era, the matter era, and the aelerating phase an be naturally ahieved.
These models are very versatile sine they an be interpreted both in the framework of UDE models and as a two-
uid senario with dark matter and salar eld dark energy. The main advantage of this approah is that a suitable
generalized equation of state an be always obtained and observational data an be tted.
There is a yet dierent way to address the problem of the osmi aeleration. As stressed in [40℄, it is possible
that the observed aeleration is not the manifestation of another ingredient of the osmi pie, but rather the rst
signal of a breakdown of our understanding of the laws of gravitation in the infrared limit. From this point of view,
it is tempting to modify the Friedmann equations to see whether it is possible to t the astrophysial data with
models omprising only standard matter. Interesting examples of this kind are the Cardassian expansion [41℄ and
DGP gravity [42℄. In the same framework it is possible to nd alternative shemes in whih a quintessential behavior
is obtained by taking into aount eetive models oming from fundamental physis and giving rise to generalized
or higher order gravity ations [43℄ (see [44℄ for a omprehensive review). For instane, a osmologial onstant
term may be reovered as a onsequene of a non-vanishing torsion eld, leading to a model onsistent with both
the SNeIa Hubble diagram and Sunyaev-Zel'dovih data of galaxy lusters [45℄. SNeIa data ould also be eiently
tted inluding higher order urvature invariants in the gravitational Lagrangian [46, 47℄. These alternative models
provide naturally a osmologial omponent with negative pressure whose origin is related to the osmi geometry,
thus overoming the problems linked to the physial signiane of the salar eld.
The large number of osmologial models whih onstitute viable andidates to explain the observed aelerated
expansion is evident from this short overview. On the one hand, this overabundane of models signals the fat that
only a limited number of osmologial tests are available to disriminate between ompeting theories and, on the
other hand, it shows that we are faing an urgent degeneray problem. It is useful to remark that both the SNeIa
Hubble diagram and the angular size-redshift relation of ompat radio soures [48℄ are distane-based probes of
osmologial models, so systemati errors and biases ould be iterated. From this point of view, it is interesting
to searh for tests based on time-dependent observables. For example, one an take into aount the lookbak time
to distant objets sine this quantity an disriminate between dierent osmologial models. The lookbak time is
observationally estimated as the dierene between the present age of the universe and the age of a given objet at
redshift z. Suh an estimate is possible if the objet is a galaxy observed in more than one photometri band sine its
olor is determined by its age as a onsequene of stellar evolution. It is thus possible to get an estimate of the galaxy
age by measuring its magnitude in dierent bands and then using stellar evolutionary odes to hoose the model that
best reprodues the observed olors.
Coming to the weak-eld-limit approximation, whih essentially means onsidering Solar System sales, ETGs are
expeted to reprodue GR whih, in any ase, is rmly tested only in this limit [49℄. This fat is a matter of debate
sine several relativisti theories do not reprodue exatly the Einsteinian results in the Newtonian approximation but,
in some sense, generalize them. As rst notied by Stelle [52℄, an R2-theory gives rise to Yukawa-like orretions in the
Newtonian potential. This feature ould have interesting physial onsequenes; for example, ertain authors laim to
explain the at rotation urves of galaxies by using suh terms [53℄. Others [54℄ have shown that a onformal theory
of gravity is nothing but a fourth-order theory ontaining suh terms in the Newtonian limit. Besides, an apparent,
anomalous, long-range aeleration in the data analysis of the Pioneer 10/11, Galileo, and Ulysses spaerafts ould
be framed in a general theoretial sheme by taking into aount orretions to the Newtonian potential [55℄.
In general, any relativisti theory of gravitation yields orretions to the Newtonian and post-Newtonian (PPN)
potentials (e.g., [56℄) whih test the theory [49℄. Furthermore, the newborn gravitational lensing astronomy [57℄ is
generating additional tests of gravity over small, large, and very large sales whih soon will provide diret measure-
4ments for the variation of the Newtonian oupling [58℄, the potential of galaxies, lusters of galaxies and several other
features of self-gravitating systems. Suh data, very likely, will be apable of onrming or ruling out the physial
onsisteny of GR or of any ETG. In summary, the general features of ETGs are that the Einstein eld equations
are modied in two ways: i) the geometry an be non-minimally oupled to some salar eld, and/or ii) higher than
seond order derivatives of the metri appear. In the rst ase we deal with salar-tensor theories of gravity; in the
seond ase we have higher order theories. Combinations of non-minimally oupled and higher order terms an emerge
as ontributions to eetive Lagrangians; then we have higher order-salar-tensor theories of gravity.
From the mathematial point of view, the problem of reduing generalized theories to an Einstein-like form has been
extensively disussed. Under suitable regularity onditions on the Lagrangian and using a Legendre transformation on
the metri, higher order theories take the form of GR in whih one or more salar eld(s) soure of the gravitational
eld (see, e.g., [9, 59, 60, 61℄). On the other hand, as disussed above, the mathematial equivalene between models
with variable gravitational oupling and Einstein gravity has been studied using suitable onformal transformations
[62, 63℄. A debate on the physial meaning of these onformal transformations seems to be ongoing ([65℄ and referenes
therein). Several authors laim a physial dierene between Jordan frame (higher order theories and/or variable
gravitational ouplings) sine there is experimental and observational evidene suggesting that the Jordan frame is
better suited for mathing solutions and data. Others state that the true physial frame is the Einstein one aording
to the energy theorems [61℄. However, the disussion is open and no denitive onlusion seems to have been reahed.
The problem beomes more involved at the semilassial and quantum level, and should be faed from a more general
point of viewthe Palatini approah to gravity ould be useful to this goal.
The Palatini approah to gravitational theories was rst introdued and analyzed by Einstein himself [66℄, but was
named as a onsequene of an historial misunderstanding [67, 68℄.
The fundamental idea of the Palatini formalism is to onsider the torsion-free onnetion Γµαβ entering the denition
of the Rii tensor, to be independent of the spaetime metri gµν . The Palatini formulation of the standard Einstein-
Hilbert theory turns out to be equivalent to the purely metri theory. This property follows from the fat that the
eld equations for the onnetion Γµαβ, onsidered to be independent of the metri, produe the Levi-Civita onnetion
of the metri gµν . As a onsequene, there is no reason to impose the Palatini variational priniple instead of the
metri variational priniple in the Einstein Hilbert theory. However, the situation hanges if we onsider the ETGs,
whih depend on funtions of the urvature invariants (suh as f(R) theories) or ouple non-minimally to some salar
eld. In these ases the Palatini and the metri variational priniples provide dierent eld equations and the theories
thus derived dier [61, 69℄. The relevane of the Palatini approah for osmologial appliations in this framework
has been reently demonstrated [43, 44, 70℄.
From the physial point of view, onsidering the metri gµν and the onnetion Γ
µ
να as independent elds means
to deouple the metri struture of spaetime and its geodesi struture (the onnetion Γµαβ , in general, is not the
Levi-Civita onnetion of gµν). The ausal struture of spaetime is governed by gµν while the spaetime trajetories
of partiles are governed by Γµαβ. This deoupling enrihes the geometri struture of spaetime and generalizes the
purely metri formalism. This metri-ane struture of spaetime is naturally translated, by means of the Palatini
eld equations, into a bi-metri struture of spaetime. Besides the physial metri gµν , another metri g˜µν appears.
This new metri is related, in the ase of f(R) gravity, to the onnetion. The onnetion Γµαβ turns out to be the
Levi-Civita onnetion of g˜µν and provides the geodesi struture of spaetime.
For non-minimally oupled interations in the gravitational Lagrangian in salar-tensor theories, the new metri
g˜µν is related to the non-minimal oupling; g˜µν an be related to a dierent geometri and physial aspet of the
gravitational theory. Thanks to the Palatini formalism, the non-minimal oupling and the salar eld, entering the
evolution of the gravitational elds, are separated from the metri struture of spaetime. The situation mixes when we
onsider the ase of higher order-salar-tensor theories. Due to these features, the Palatini approah ould ontribute
to larify the physial meaning of onformal transformations [72℄.
In this review paper, without laiming for ompleteness, we want to give a survey on the formal and phenomenolog-
ial aspets of ETGs in metri and Palatini approahes, onsidering the osmologial and astrophysial appliations
of some ETG models. The layout is the following. The eld equations for generi ETGs are derived in Se.II. Speif-
ially, we disuss metri, Palatini and metri-ane approahes. In Se. III the e quivalene of metri and Palatini
f(R) gravities with Brans-Dike theories are disussed. In Se. IV we introdue theoretial and experimental viability
of f(R)-gravity. Briey, we disuss on the orret osmologial dynamis and on the instabilities for a partiular ase
of f(R). After we disuss the preene of ghost elds and the wealk eld limit for metri approah. Finally we on-
sider the growth of osmologial perturbations and the Chauhy problem. Cosmologial appliations are onsidered
in Se.V-VI. We show that dark energy and the dark matter an be addressed as "urvature eets", if ETGs (in
partiular f(R) theories) are onsidered. We work out some osmologial models omparing the solutions with data
oming from observational surveys. As further result in Se. VII. , we show that also the stohasti osmologial
bakground of gravitational waves an be "tuned" by ETGs. This fat ould open new perspetive also in the problems
5of detetion of gravitational waves whih should be investigated not only in the standard GR-framework. Disussion
and onlusions are drawn in Se.VIII.
II. THE THREE VERSIONS OF f(R) GRAVITY
In this survey we fous on f(R) gravity (see [73℄ for a more omprehensive disussion and a list of referenes, and
[74℄ for short introdutions to the subjet). In these theories the Einstein-Hilbert ation
2
SEH =
1
2κ
∫
d4x
√−g R+ S(m) (1)
is modied to
S =
1
2κ
∫
d4x
√−g f(R) + S(m) , (2)
where f(R) is a non-linear funtion of its argument and S(m) is the matter part of the ation. Atually, there are two
variational priniples that one an apply to the Einstein-Hilbert ation in order to derive Einstein's equations: the
standard metri variation and a less standard variation dubbed Palatini variation. In the latter the metri and the
onnetion are assumed to be independent variables and one varies the ation with respet to both of them, under
the important assumption that the matter ation does not depend on the onnetion. The hoie of the variational
priniple is usually referred to as a formalism, so one an use the terms metri (or seond order) formalism and
Palatini (or rst order) formalism. However, even though both variational priniples lead to the same eld equation
for an ation whose Lagrangian is linear in R, this is no longer true for a more general ation. Therefore, it is intuitive
that there will be two version of f(R)-gravity, aording to whih variational priniple or formalism is used. Indeed
this is the ase: f(R)-gravity in the metri formalism is alled metri f(R)-gravity and f(R)-gravity in the Palatini
formalism is alled Palatini f(R)-gravity.
Finally, there is atually even a third version of f(R)-gravity: metri-ane f(R)-gravity. This omes about if one
uses the Palatini variation but abandons the assumption that the matter ation is independent of the onnetion.
Clearly, metri ane f(R)-gravity is the most general of these theories and redues to metri or Palatini f(R)-gravity
if further assumptions are made. In this setion we will present the ations and eld equations of all three versions of
f(R)- gravity and point out their dierene. We will also larify the physial meaning behind the assumptions that
disriminate them.
Then brey has we show above three versions of f(R)-gravity have been studied:
• metri (or seond order) formalism;
• Palatini (or rst order) formalism;
and
• metri-ane gravity.
These families of theories are disussed in the following.
A. Metri f(R) gravity
In the metri formalism the ation is
Smetric =
1
2κ
∫
d4x
√−g f(R) + S(m), (3)
2
Here R is the Rii urvature of the metri tensor gµν , whih has determinant g, G is Newton's onstant, and κ ≡ 8piG. We mostly
follow the notations of Ref. [75℄.
6and its variation with respet to gµν yields, after some manipulations and modulo surfae terms, the eld equation
f ′(R)Rµν − f(R)
2
gµν = ∇µ∇νf ′(R)− gµνf ′(R) + κTµν , (4)
with a prime denoting dierentiation with respet to R, ∇µ is the ovariant derivative assoiated with the Levi-Civita
onnetion of the metri, and  ≡ ∇µ∇µ. Fourth order derivatives of the metri appear in the rst two terms on the
right hand side, justifying the alternative name fourth order gravity used for this lass of theories.
By taking the trae of eq. (4) one obtains
3f ′(R) +Rf ′(R)− 2f(R) = κT , (5)
where T ≡ Tαα is the trae of the energy-momentum tensor of matter. This seond order dierential equation for
f ′(R) is qualitatively dierent from the trae of the Einstein equation R = −κT whih, instead, onstitutes an
algebrai relation between T and the Rii salar, displaying the fat that f ′(R) is a dynamial (salar) degree of
freedom of the theory. This is already an indiation that the eld equations of f(R) theories will admit a larger
variety of solutions than Einstein's theory. As an example, we mention here that the Jebsen-Birkho's theorem,
stating that the Shwarzshild solution is the unique spherially symmetri vauum solution, no longer holds in metri
f(R) gravity. Without going into details, let us stress that T = 0 no longer implies that R = 0, or is even onstant.
Eq. (5) will turn out to be very useful in studying various aspets of f(R) gravity, notably its stability and weak-
eld limit. For the moment, let us use it to make some remarks about maximally symmetri solutions. Reall that
maximally symmetri solutions lead to a onstant Rii salar. For R = constant and Tµν = 0, eq. (5) redues to
f ′(R)R − 2f(R) = 0, (6)
whih, for a given f , is an algebrai equation in R. If R = 0 is a root of this equation and one takes this root, then
eq. (4) redues to Rµν = 0 and the maximally symmetri solution is Minkowski spaetime. On the other hand, if the
root of eq. (6) is R = C, where C is a onstant, then eq. (4) redues to Rµν = gµνC/4 and the maximally symmetri
solution is de Sitter or anti-de Sitter spae depending on the sign of C, just as in GR with a osmologial onstant.
Another issue that should be stressed is that of energy onservation. In metri f(R) gravity the matter is minimally
oupled to the metri. One an, therefore, use the usual arguments based on the invariane of the ation under
dieomorphisms of the spaetime manifold [oordinate transformations xµ → x′µ = xµ + ξµ followed by a pullbak,
with the eld ξµ vanishing on the boundary of the spaetime region onsidered, leave the physis unhanged, see
[75℄ to show that Tµν is divergene-free. The same an be done at the level of the eld equations: a brute fore
alulation reveals that the left hand side of eq. (4) is divergene-free (generalized Bianhi identity) implying that
∇µT µν = 0.
The eld equation (4) an be rewritten as form of Einstein equations with an eetive stress-energy tensor to the
right hand side. Speially, as
Gµν = κ
(
Tµν + T
(eff)
µν
)
(7)
where
T (eff)µν =
1
κ
[
f(R)−Rf ′(R)
2
gµν +∇µ∇νf ′(R)− gµνf ′(R)
]
(8)
is an eetive energy-momentum tensor onstruted with geometri terms. Sine T
(eff)
µν is only a formal energy-
momentum tensor, it is not expeted to satisfy any of the energy onditions deemed reasonable for physial matter, in
partiular the eetive energy density annot be expeted to be positive-denite. An eetive gravitational oupling
Geff ≡ G/f ′(R) an be dened in a way analogous to salar-tensor gravity. It is apparent that f ′(R) must be positive
for the graviton to arry positive kineti energy.
Motivated by the reent osmologial observations, we adopt the spatially at Friedmann-Lemaitre-Robertson-
Walker (FLRW) metri to desribe the universe,
ds2 = −dt2 + a2(t) (dx2 + dy2 + dz2) , (9)
7where a is the sale fator. Then, the eld equations of metri f(R) osmology beome
H2 =
κ
3f ′(R)
[
ρ(m) +
Rf ′(R)− f(R)
2
− 3HR˙f ′′(R)
]
, (10)
2H˙ + 3H2 = − κ
f ′(R)
[
P (m) + f ′′′(R)
(
R˙
)2
+ 2HR˙f ′′(R) + R¨f ′′(R)
+
f(R)−Rf ′(R)
2
]
, (11)
where H ≡ a˙/a is the Hubble parameter and an overdot denotes dierentiation with respet to the omoving time
t. The orresponding phase spae is a 2-dimensional urved manifold embedded in a 3-dimensional spae and with a
rather ompliated struture [76℄.
B. Palatini f(R) gravity
In the Palatini version of f(R) gravity, both the metri gµν and the onnetion Γ
µ
νγ are regarded as independent
variables. In other words, the onnetion is not the metri onnetion of gµν . While in GR the metri and Palatini
variations produe the same eld equations (i.e., the Einstein equations), for non-linear Lagrangians one obtains two
dierent sets of eld equations.
3
Palatini f(R) gravity was proposed as an alternative to dark energy, on the same footing as metri f(R) models.
The original model advaned for this purpose was based on the spei form f(R) = R− µ4/R [70℄.
The Palatini ation is
SPalatini =
1
2κ
∫
d4x
√−g f(R˜) + S(m)
[
gµν , ψ
(m)
]
, (12)
where a distintion needs to be made between two dierent Rii tensors ontained in the theory. Rµν is onstruted
from the metri onnetion of the (unique) physial metri gµν , while R˜µν is the Rii tensor of the non-metri
onnetion Γµνγ and denes the salar R˜ ≡ gµνR˜µν . The matter part of the ation does not depend expliitly from
the onnetion Γµαβ , but only from the metri and the matter elds, whih we olletively label as ψ
(m)
.
By varying the Palatini ation (12) one obtains the eld equation
f ′(R˜)R˜µν − f(R˜)
2
gµν = κTµν , (13)
in whih no seond ovariant derivative of f ′ appears, in ontrast with eq. (4). An independent variation with respet
to the onnetion yields
∇˜σ
(√−g f ′(R˜)gµν)− ∇˜σ (√−g f ′(R˜)gσ(µ) δν)γ = 0 , (14)
where ∇˜γ denotes the ovariant derivative assoiated to the (non-metri) onnetion Γµαβ .
By traing eqs. (13) and (14) we obtain
f ′(R˜)R˜− 2f(R˜) = κT (15)
and
∇˜γ
(√−g f ′(R˜)gµν) = 0 , (16)
respetively. Eq. (16) is interpreted as stating that ∇˜γ is the ovariant derivative of the new metri tensor
g˜µν ≡ f ′(R˜)gµν (17)
3
By imposing that the metri and Palatini variations generate the same eld equations, Lovelok gravity is seleted [77℄. GR is a speial
ase of Lovelok theory.
8onformally related to gµν . Eq. (15) is an algebrai (or trasendental, aording to the funtional form of f(R))
equation for f ′(R˜), not a dierential equation desribing its evolution. Therefore, f ′(R) is a non-dynamial quantity,
in ontrast to what happens in metri f(R) gravity. The lak of dynamis has onsequenes whih are disussed
below. It is possible to eliminate the non-metri onnetion from the eld equations by rewriting them as
Gµν =
κ
f ′
Tµν − 1
2
(
R − f
f ′
)
gµν +
1
f ′
(∇µ∇ν − gµν) f ′
− 3
2(f ′)2
[
∇µf ′∇νf ′ − 1
2
gµν∇γf ′∇γf ′
]
. (18)
C. Metri-ane f(R) gravity
The third family of f(R) theories, metri-ane f(R) gravity [78℄, is haraterized by the fat that also the matter
part of the ation depends expliitly on the onnetion Γ, as desribed by the ation
Saffine =
1
2κ
∫
d4x
√−g f
(
R˜
)
+ S(m)
[
gµν ,Γ
µ
νγ , ψ
(m)
]
. (19)
Γµαβ is possibly a non-symmetri onnetion, whih would lead to torsion assoiated with matter and to a reinarnation
of torsion theories. The latter were introdued in view of elementary partiles, rather than osmology, by oupling
the spin of elementary partiles to the torsion. The study of metri-ane f(R) gravity has not been ompleted yet,
in partiular its osmologial onsequenes have not been fully eluidated. It is for this reason that our disussion
will be limited to metri and Palatini f(R) gravity in what follows.
III. EQUIVALENCE OF METRIC AND PALATINI f(R) GRAVITIES WITH BRANS-DICKE
THEORIES
In the same way that one an make variable redenitions in lassial mehanis in order to bring an equation
desribing a system to a more attrative, or easy to handle, form (and in a very similar way to hanging oordinate
systems), one an also perform eld redenitions in a eld theory, in order to rewrite the ation or the eld equations.
There is no unique presription for redening the elds of a theory. One an introdue auxiliary elds, perform
renormalizations or onformal transformations, or even simply redene elds to one's onveniene. It is important to
mention that, at least within a lassial perspetive suh as the one followed here, two theories are onsidered to be
dynamially equivalent if, under a suitable redenition of the gravitational and matter elds, one an make their eld
equations oinide. The same statement an be made at the level of the ation. Dynamially equivalent theories give
exatly the same results when desribing a dynamial system whih falls within the purview of these theories. There
are lear advantages in exploring the dynamial equivalene between theories: we an use results already derived for
one theory in the study of another, equivalent, theory.
The term ``dynamial equivalene an be onsidered misleading in lassial gravity. Within a lassial perspetive,
a theory is fully desribed by a set of eld equations. When we are referring to gravitation theories, these equations
desribe the dynamis of gravitating systems. Therefore, two dynamially equivalent theories are atually just dierent
representations of the same theory (whih also makes it lear that all allowed representations an be used on an equal
footing).
The issue of distinguishing between truly dierent theories and dierent representations of the same theory (or
dynamially equivalent theories) is an intriate one. It has serious impliations and has been the ause of many
misoneptions in the past, espeially when onformal transformations are used in order to redene the elds (e.g., the
Jordan and Einstein frames in salar-tensor theory). In what follows, we review the equivalene between metri and
Palatini f(R) gravity with spei theories within the Brans-Dike lass with a potential.
Metri f(R) gravity is equivalent to an ω = 0 Brans-Dike theory4 when f ′′(R) 6= 0 [3℄, while Palatini modied
gravity is equivalent to one with ω = −3/2. The equivalene has been redisovered several times over the years, often
in the ontext of partiular theories [79℄.
4
The Brans-Dike ation for general values of the Brans-Dike parameter ω is SBD =
1
2κ
R
d4x
√−g
h
φR− ω
φ
∇γφ∇γφ− V (φ)
i
+ S(m).
9A. Metri formalism
It has been notied quite early that metri quadrati gravity an be ast into the form of a Brans-Dike theory and
it did not take long for these results to be extended to more general ations whih are funtions of the Rii salar of
the metri . Let us present this equivalene in some detail.
We will work at the level of the ation but the same approah an be used to work diretly at the level of the eld
equations. We begin with metri f(R) gravity. Let f ′′(R) be non-vanishing and onsider the ation (2); by using the
auxiliary salar eld φ = R, it is easy to see that the ation
S =
1
2κ
∫
d4x
√−g [ψ(φ)R − V (φ)] + S(m) (20)
with
ψ(φ) = f ′(φ) , V (φ) = φf ′(φ)− f(φ) (21)
is equivalent to the previous one. It is trivial that (20) redues to (2) if φ = R. Vie-versa, the variation of (20) with
respet to gµν yields
Gµν =
1
ψ
(
∇µ∇νψ − gµνψ − V
2
gµν
)
+
κ
ψ
Tµν . (22)
The variation with respet to φ, instead, gives us
R
dψ
dφ
− dV
dφ
= (R− φ) f ′′(φ) = 0 , (23)
from whih it follows that φ = R beause f ′′ 6= 0. The salar eld φ = R is learly a dynamial quantity whih obeys
the trae equation
3f ′′(φ)φ + 3f ′′′(φ)∇αφ∇αφ+ φf ′(φ) − 2f(φ) = κT (24)
and is massive. Its mass squared
m2φ =
1
3
(
f ′0
f ′′0
−R0
)
(25)
is omputed in the analysis of small perturbations of de Sitter spae (here a zero subsript denotes quantities evaluated
at the onstant urvature R0 of the de Sitter bakground). It is onvenient to onsider, instead of φ, the salar
ψ ≡ f ′(φ) obeying the evolution equation
3ψ + 2U(ψ)− ψ dU
dψ
= κT , (26)
where U(ψ) = V (φ(ψ)) − f(φ(ψ)).
To summarize, metri f(R) gravity ontains a salar degree of freedom and the ation
S =
1
2κ
∫
d4x
√−g [ψR− U(ψ)] + S(m) , (27)
is identied as an ω = 0 Brans-Dike theory. This theory (massive dilaton gravity) was introdued in the 1970's
in order to generate a Yukawa term in the Newtonian limit [80℄, and then abandoned. The assumption f ′′ 6= 0 is
interpreted as the requirement of invertibility of the hange of variable R→ ψ(R).
B. Palatini formalism
In Palatini modied gravity the equivalene with a Brans-Dike theory is disovered in a way similar to that of the
metri formalism. Beginning with the ation (12) and dening φ ≡ R˜ and ψ ≡ f ′(φ), it is seen that, apart from an
irrelevant boundary term, the ation an be rewritten as
SPalatini =
1
2κ
∫
d4x
√−g
[
ψR+
3
2ψ
∇γψ∇γψ − V (ψ)
]
+ S(m) (28)
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in terms of the metri gµν and its Rii tensor Rµν . Here we have used the property that, sine g˜µν = ψ gµν , the Rii
urvatures of gµν and g˜µν satisfy the relation
R˜ = R+
3
2ψ
∇γψ∇γψ − 3
2
ψ . (29)
The ation (28) is easily identied as a Brans-Dike theory with Brans-Dike parameter ω = −3/2.
IV. THEORETICAL AND EXPERIMENTAL VIABILITY OF f(R) GRAVITY
In order to be aeptable, f(R) theories should not only reprodue the urrent aeleration of the universe, but
they must also satisfy the onstraints imposed by Solar System and terrestrial experiments on relativisti gravity, and
they must obey ertain minimal requirements for theoretial viability. More preisely, these families of theories must:
• possess the orret osmologial dynamis;
• be free from instabilities and ghosts;
• attain the orret Newtonian and post-Newtonian limits;
• originate osmologial perturbations ompatible with the observations of the CMB and with large sale struture
surveys; and
• possess a well-formulated and well-posed initial value problem.
If a single one of these riteria is not met the theory should be regarded as unviable. In the following we examine
how f(R) gravity performs with regard to these riteria.
A. Corret osmologial dynamis
Aording to the tenets of standard osmology, an aeptable osmologial model must ontain an early inationary
era (or possibly another mehanism) solving the horizon, atness, and monopole problems and generating density
perturbations, followed by a radiation- and then a matter-dominated era. The present aelerated epoh then begins,
possibly explained by f(R) gravity. The future universe usually onsists of an eternal de Sitter attrator, or ends
in a Big Rip singularity [91℄. Smooth transitions between dierent eras are neessary. The exit from the radiation
era, in partiular, was believed to be impossible in many models [81℄, but this proved to be not true. In fat, exit
from the radiation or any era an be obtained as follows. In the approah dubbed designer f(R) gravity in [74℄, the
desired expansion history of the universe an be obtained by speifying the desired sale fator a(t) and integrating
an ordinary dierential equation for the funtion f(R) that produes the hosen a(t) [82℄. In general, the solution
to this ODE is not unique and an assume a form that appears rather ontrived in omparison with simple forms
adopted in most popular models.
B. Instabilities
The hoie f(R) = R − µ4/R with µ ∼ H0 ∼ 10−33 eV is again the prototypial example model to disuss
instabilities. Shortly after it was advaned as an explanation of the osmi aeleration, this model was found to
suer from the perniious Dolgov-Kawasaki instability [83℄. This type of instability was later shown to be ommon
to any metri f(R) theory with f ′′(R) < 0 ([84℄) and the extension to even more general gravitational theories has
been disussed [85℄. Let us parametrize the deviations from GR as
f(R) = R+ εϕ(R) (30)
with ε > 0 a small onstant with the dimensions of a mass squared and ϕ dimensionless. The trae equation for the
Rii salar R beomes
R+
ϕ′′′
ϕ′′
∇γR∇γR+
(
εϕ′ − 1
3εϕ′′
)
R =
κT
3εϕ′′
+
2ϕ
3ϕ′′
. (31)
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By expanding around a de Sitter bakground and writing the metri loally as
gµν = ηµν + hµν , (32)
and the salar R as
R = −κT +R1 , (33)
with R1 a perturbation, the rst order trae equation translates into the dynamial equation for R1
R¨1 −∇2R1 − 2κϕ
′′′
ϕ′′
T˙ R˙1 +
2κϕ′′′
ϕ′′
~∇T · ~∇R1 + 1
3ϕ′′
(
1
ε
− ϕ′
)
R1 = κ T¨ − κ∇2T −
(
κTϕ2 + 2ϕ
)
3ϕ′′
. (34)
The expression ontaining ε−1 dominates the last term on the left hand side, giving the eetive mass squared of R1
m2 ≃ 1
3εϕ′′
. (35)
Therefore, the theory is stable if f ′′(R) > 0 and unstable if f ′′(R) < 0. Stritly speaking, GR is exluded by the
assumption f ′′ 6= 0, but the well-known stability of this ase an easily be inluded by writing the stability riterion
for metri f(R) gravity as f ′′ ≥ 0.
To go bak to the example model of [83℄ f(R) = R − µ4/R, this is unstable beause f ′′ < 0. The small sale µ
determines the time sale for the onset of this instability as ∼ 10−26 s [83℄, making this an explosive instability.
A physial interpretation of this stability riterion is the following [86℄: the eetive gravitational oupling is
Geff = G/f
′(R) and, if dGeff/dR = −f ′′G/(f ′)2 > 0 (orresponding to f ′′ < 0), then Geff inreases with R and a
large urvature auses gravity to beome stronger and stronger, whih in turn auses a larger R, in a positive feedbak
loop. If instead dGeff/dR < 0, then a negative feedbak stops the growth of the gravitational oupling.
What about Palatini f(R) gravity? Sine this formalism ontains only seond order eld equations and the trae
equation f ′(R˜)R˜ − 2f(R˜) = κT is not a dierential equation but rather a non-dynamial equation, as noted above,
there is no Dolgov-Kawasaki instability [87℄.
The disussion of metri f(R) instabilities presented above is based on the loal expansion (32) and, therefore, is
limited to short wavelength modes (ompared to the urvature radius). However, it an be extended to the longest
wavelengths in the ase of a de Sitter bakground [88℄. This extension requires a more ompliated formalism beause
long modes introdue inhomogeneities and are aeted by the notorious gauge-dependene problems of osmologial
perturbations. A ovariant and gauge-invariant formalism is needed here. One proeeds by assuming that the
bakground spae is de Sitter and by onsidering the general ation
S =
∫
d4x
√−g
[
f (φ,R)
2
− ω(φ)
2
∇γφ∇γφ− V (φ)
]
(36)
ontaining f(R) and salar-tensor gravity as speial ases, and mixtures of them. The eld equations originating from
this ation beome, in a FLRW bakground spae,
H2 =
1
3f ′
(
ω
2
φ˙2 +
Rf ′ − f
2
+ V − 3Hf˙
)
, (37)
H˙ =
−1
2f ′
(
ωφ˙2 + f¨ ′ −Hf˙ ′
)
, (38)
φ¨+ 3Hφ˙+
1
2ω
(
dω
dφ
φ˙2 − ∂f
∂φ
+ 2
dV
dφ
)
= 0 . (39)
de Sitter spae is a solution of the eld equations provided that the onditions
6H20f
′
0 − f0 + 2V0 = 0 , f ′0 = 2V ′0 , (40)
are satised. An analysis of inhomogeneous perturbations of small amplitude and arbitrary wavelengths [88℄ using
the ovariant and gauge-invariant Bardeen-Ellis-Bruni-Hwang formalism [89℄ in Hwang's version [90℄ for alternative
gravitational theories yields the stability ondition in the zero momentum limit
(f ′0)
2 − 2f0f ′′0
f ′0f
′′
0
≥ 0 , (41)
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This is the stability ondition of de Sitter spae in metri f(R) gravity with respet to inhomogeneous perturbations
and oinides with the orresponding stability ondition with respet to homogeneous perturbations [86℄.
The equivalene between metri f(R) gravity and an ω = 0 Brans-Dike theory holds also at the level of perturba-
tions; doubts advaned to this regard have now been resolved. The stability ondition of de Sitter spae with respet
to inhomogeneous perturbations in ω = 0 Brans-Dike theory is given again by eq. (41), while that for stability with
respet to homogeneous perturbations is
(f ′0)
2 − 2f0f ′′0
f ′0
≥ 0 . (42)
This inequality is again equivalent to (41) if stability against loal perturbations (i.e., f ′′0 > 0) is also required. Hene,
metri f(R) gravity and ω = 0 Brans-Dike theory are equivalent also with regard to perturbations.
Beyond the linear approximation, metri f(R) theories have been shown to be suseptible to non-linear instability,
potentially threatening the possibility of onstruting models of relativisti stars in strong f(R) gravity. Inside ompat
objets with spherial symmetry, a singularity ould develop if R beomes large [92℄. Avoiding this singularity requires
some degree of ne-tuning. Various authors have ontended that this problem an be ured by adding, for example,
a quadrati term αR2 to the ation as rst [91, 93℄. This problem needs further study, sine it ould be the biggest
hallenge left for metri f(R) theories.
C. Ghost elds
Ghosts are massive states of negative norm whih ruin unitarity and appear frequently in attempts to quan-
tize Einstein's theory. Fortunately, f(R) gravity theories are free of ghosts. More general ETGs of the form
f (R,RµνR
µν , RµνγσR
µνγσ, ...), in general, are plagued by the presene of ghosts. A possible exeption under ertain
onditions studied in [94℄ is provided by theories in whih the extra terms are restrited to appear in the Gauss-Bonnet
ombination G = R2 − 4RµνRµν +RµνγσRµνγσ, as in f = f (R,G). Then, the eld equations redue to seond order
equations without ghosts [95, 96℄.
D. The weak-eld limit for metri f(R) gravity
After errors and omissions in the early treatments of the weak-eld limit of metri and Palatini modied gravity, a
satisfatory disussion of the partiular model f(R) = R − µ4/R in the metri formalism appeared [97℄, followed by
the generalization to arbitrary forms of the funtion f(R) [98, 99℄.
One studies the PPN parameter γ whih is onstrained by light deetion experiments in the Solar System. The
goal onsists of nding the weak-eld solution of the eld equations and, using this solution, omputing the parameter
γ. A stati, spherially symmetri, non-ompat body whih onstitutes a perturbation of a bakground de Sitter
universe is onsidered, as desribed by the line element
ds2 = − [1 + 2Ψ(r)−H20r2] dt2 + [1 + 2Φ(r) +H20r2] dr2 + r2dΩ2 (43)
in Shwarzshild oordinates, with dΩ2 being the line element on the unit 2-sphere. Ψ and Φ are post-Newtonian
potentials with small amplitudes, i.e., |Ψ(r)| , |Φ(r)| << 1, and small (non-osmologial) sales suh that H0r << 1
are onsidered. The Rii salar is expanded around the onstant urvature of the bakground de Sitter spae as
R(r) = R0 + R1. The PPN parameter γ is then given by γ = −Φ(r)/Ψ(r) [49℄. The analysis relies upon three
assumptions [99℄:
1. f(R) is analytial at R0;
2. mr << 1, where m is the eetive mass of the salar degree of freedom of the theory. In other words, this salar
eld is assumed to be light and with a range larger than the size of the Solar System (there are no experimental
onstraints on salars with range m−1 < 0.2 mm).
3. The matter omposing the spherial body has negligible pressure, P ≃ 0 and T = T0 + T1 ≃ −ρ.
While it is easy to satisfy the rst and the last assumptions, the seond one is more triky, as disussed below. The
trae equation (5) turns into
∇2R1 −m2R1 = −κρ
3f ′′0
, (44)
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regulating the Rii salar perturbation, where
m2 =
(f ′0)
2 − 2f0f ′′0
3f ′0f
′′
0
(45)
is the eetive mass squared of the salar, whih reprodues the expression derived in the gauge-invariant stability
analysis of de Sitter spae and in propagator alulations.
If mr << 1, the solution of the linearized eld equations is
Ψ(r) =
−κM
6πf ′0
1
r
, (46)
Φ(r) =
κM
12πf ′0
1
r
, (47)
and the PPN parameter γ is given by
γ =
−Φ(r)
Ψ(r)
=
1
2
. (48)
This value manifestly violates the experimental bound [100℄
|γ − 1| < 2.3 · 10−5 . (49)
This violation would mark the demise of metri f(R) gravity were it not for the fat that the seond assumption
neessary to perform this alulation is usually not satised. In fat, mr fails to be smaller than unity due to
the hameleon eet. This eet onsists of a dependene of the eetive mass m on the spaetime urvature or,
alternatively, on the matter density of the surroundings. The salar degree of freedom an have a short range (for
example, m > 10−3 eV, orresponding to a range λ < 0.2 mm) at Solar System densities, esaping the experimental
onstraints, and have a long range at osmologial densities, whih allows it to have an eet on the osmologial
dynamis [96, 101℄. While the hameleon eet may seem a form of ne-tuning, one should bear in mind that f(R)
gravity is ompliated and the eetive range does indeed depend on the environment. The hameleon mehanism
is not arranged, but is built into the theory and is well-known and aepted in quintessene models, in whih it was
originally disovered [102℄. It has been studied for many forms of the funtion f(R) whih pass the observational
tests. For example, the model
f(R) = R− (1− n)µ2
(
R
µ2
)n
(50)
is ompatible with the PPN limits if µ ∼ 10−50 eV∼ 10−17H0 [101℄. To understand how this model an work it is
suient to note that a orretion ∼ Rn to the Einstein-Hilbert Lagrangian R with n < 1 will eventually dominate
as R→ 0+. The model (50) agrees with the experimental data but ould be essentially indistinguishable from a dark
energy model. Disriminating between dark energy and f(R) models, or between modied gravity senarios should
be possible on the basis of the growth history of osmologial perturbations.
E. Growth of osmologial perturbations
Sine the spatially homogeneous and isotropi FLRWmetri solves the eld equations of many gravitational theories,
the expansion history of the universe by itself annot disriminate between various ETGs. However, the growth of
strutures depends on the theory of gravity onsidered and has the potential to ahieve this goal. A typial study is
that of Ref. [103℄; these authors postulate an expansion history a(t) harateristi of the ΛCDM model and nd that
vetor and tensor modes are not aeted by f(R) orretions to Einstein gravity, to lowest order, and an be negleted,
whereas salar modes do depend on the theory hosen. In [103℄ the stability ondition f ′′(R) > 0 disussed above for
salar perturbations is also reovered. It is found there that f(R) orretions lower the large angle anisotropies of the
osmi mirowave bakground and produe orrelations between osmi mirowave bakground and galaxy surveys
whih are dierent from those obtained in dark energy models. A rigorous and mathematially self-onsistent approah
to the problem of osmologial perturbations in f(R)-gravity as been developed using ovariant and gauge-invariant
quantities in [104, 105? ℄).
The study of struture formation in modied gravity is still unomplete and, most of the times, is arried out within
spei f(R) models. Insuient attention has been paid to the fat that some of these models are already ruled out
beause they ontradit the weak-eld limit or the stability onditions. A similar situation is found in Palatini models
whih, for this reason, will not be disussed here with regard to their weak-eld limit and osmologial perturbations.
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F. The initial value problem
A physial theory is required to make preditions and, therefore, it must have a well-posed Cauhy problem. GR
satises this requirement for reasonable forms of matter [75℄. The well-posedness of the initial value problem for
vauum f(R) gravity was briey disussed for speial metri models a long time ago [106℄. Owing to the equivalene
between f(R) gravity and salar-tensor gravity when f ′′(R) 6= 0, the initial value problem of f(R) gravity is redued
to the one for Brans-Dike gravity with ω = 0 or −3/2. The Cauhy problem was shown to be well-posed for partiular
salar-tensor theories in [106, 107℄ but a general analysis has been ompleted only relatively reently [108, 109℄. A
separate treatment, however, was neessary for ω = 0,−3/2 Brans-Dike theory.
We begin by dening the basi onepts employed: a system of 3 + 1 equations is said to be well-formulated if it
an be written as a system of equations of only rst order in both temporal and spatial derivatives. Assume that this
system an be ast in the full rst order form
∂t ~u+M
i∇i~u = ~S (~u) , (51)
where ~u olletively denotes the fundamental variables hij ,Kij , et. introdued below, M
i
is alled the harateristi
matrix of the system, and
~S (~u) desribes soure terms and ontains only the fundamental variables but not their
derivatives. Then, the initial value formulation is well-posed if the system of PDEs is symmetri hyperboli (i.e.,
the matries M i are symmetri) and strongly hyperboli if siM
i
has a real set of eigenvalues and a omplete set of
eigenvetors for any 1-form si, and obeys some boundedness onditions [110℄.
To summarize the results of [111℄, the Cauhy problem for metri f(R) gravity is well-formulated and is well-posed
in vauo and with reasonable forms of matter (i.e., perfet uids, salar elds, or the Maxwell eld). For Palatini
f(R) gravity, instead, the Cauhy problem is well-formulated [112℄ but not well-posed in general, due to the presene
of higher derivatives of the matter elds in the eld equations and to the fat that it is impossible to eliminate them
[111℄. However, as it was remarked in [113℄, the Cauhy problem for Palatini is still well-posed in vauo and when the
trae of the matter energy-momentum tensor vanishes or it is a onstant. On the other hand, it is possible to show
the well-formulation and the well-position as soon as the soure of the eld equations is perfet-uid matter [113℄.
As an alternative, the Brans-Dike theory equivalent to Palatini f(R) gravity an be mapped into its Einstein
frame representation. In this onformal frame the redened Brans-Dike eld ouples minimally to gravity and
non-minimally to matter [114℄ and the non-dynamial role of this salar is even more obvious [114℄.
The problems with Palatini f(R) gravity manifest themselves from a ompletely dierent angle when one tries to
math stati interior and exterior solutions with spherial symmetry [116℄.
5
The eld equations are seond order
PDEs for the metri omponents and, sine f is a funtion of R˜, whih in turn is an algebrai funtion of T due to
eq. (15), the right hand side of eq. (18) ontains seond derivatives of T . Now, T ontains derivatives of the matter
elds up to rst order, hene eq. (18) ontains derivatives of the matter elds up to third order. This property is
very dierent from the familiar situation of GR and most of its extensions, in whih the eld equations ontain only
rst order derivatives of the matter elds. A onsequene of this dependene on lower order derivatives of the matter
elds is that, in these theories the metri is generated by an integral over the matter soures and disontinuities in
the matter elds and their derivatives are not aompanied by unphysial disontinuities of the metri. In Palatini
f(R) gravity, instead, the algebrai dependene of the metri on the matter elds reates unaeptable disontinuities
in the metri and singularities in the urvature, whih were disovered in [116℄. Both the failure of the initial value
problem and the presene of urvature singularities with matter elds an be asribed to the non-dynamial nature
of the salar degree of freedom and to the fat that the latter is related algebraially to T . A possible ure onsists
of modifying the gravitational setor of the Lagrangian in suh a way that the order of the eld equations is raised.
V. DARK ENERGY AS CURVATURE
Let us now show, by some straightforward arguments, how f(R)-gravity an be related to the problem of dark
energy. The eld equations (4) may be reast in the Einstein-like form
Gµν = Rµν − 1
2
gµνR = T
(eff)
µν + Tµν/f
′(R) (52)
5
Other problems of Palatini f(R) gravity were reported and disussed in [117, 118℄.
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with T (eff) given by eq. (8) and in whih matter ouples non-minimally to the geometry through the term 1/f ′(R).
As noted above, the appearane of f ′(R);µν in T
(eff)
µν makes eq. (52) a fourth order equation (unless f(R) = R, in
whih ase the urvature stress - energy tensor T
(eff)
αβ vanishes identially and (52) redues to the seond order Einstein
equation). As is lear from eq. (52), the urvature stress-energy tensor T
(eff)
µν formally plays the role of a soure in
the eld equations and its eet is the same as that of an eetive uid of purely geometrial origin. However, one
an also onsider the Palatini approah [69, 78℄, in whih the Einstein equations an still be rewritten as eetive
Einstein equations ontaining a uid of geometri origin.
In priniple, the sheme outlined above provides all the ingredients needed to takle the dark side of the universe.
Depending on the sale onsidered, the eetive urvature uid an play the role of both dark matter and dark energy.
From the osmologial point of view, in the standard framework of a spatially at homogenous and isotropi universe,
the osmologial dynamis are determined by the energy budget through the Friedmann equations. In partiular, the
osmi aeleration is ahieved when the right hand side of the aeleration equation remains positive. In units in
whih 8πG = c = 1 this means
a¨
a
= −1
6
(ρtot + 3Ptot) , (53)
where the subsript tot denotes the sum of the urvature uid and the matter ontributions to the energy density and
pressure. The aeleration ondition a¨ > 0 for a dust-dominated model is
ρeff + ρM + 3Peff < 0 (54)
or
weff < − ρtot
3ρeff
. (55)
Then, the eetive quantities
ρeff =
8
f ′(R)
{
1
2
[f(R)−Rf ′(R)]− 3HR˙f ′′(R)
}
, (56)
and
weff = −1 +
R¨f ′′(R) + R˙
[
R˙f ′′′(R)−Hf ′′(R)
]
[f(R)−Rf ′(R)] /2− 3HR˙f ′′(R) (57)
play a key role in determining the dynamis of the universe. To gain insight into the dynamis, one an begin by
negleting ordinary matter and studying the power-law form f(R) = f0R
n
(with n a real number), whih represents a
straightforward generalization of Einstein's GR orresponding the n = 1 limit. This hoie yields power-law solutions
for the sale fator a(t) whih provide a good t to the SNeIa data and are in good agreement with the estimated
age of the universe in the range 1.366 < n < 1.376 [? ℄. The same kind of analysis an be arried out in the presene
of ordinary matter, but in this ase, numerial solution of the eld equations is required. Then, it is still possible
to onfront the Hubble ow desribed by suh a model with the Hubble diagram of SNeIa. The t to the data is
remarkably good (see Fig. 1) improving the χ2 value and it xes the best-t value at n = 3.46 if the baryons ontribute
to the energy density by Ωb ≈ 0.04, in agreement with the presriptions if Big Bang nuleosynthesis. The inlusion
of dark matter does not modify the t appreiably, supporting the assumption that dark matter is not essential in
this model. From the evolution of the Hubble parameter in terms of redshift, one an even alulate the age of the
universe tuniv. The best-t value n = 3.46 provides tuniv ≈ 12.41 Gyr. Of ourse, f(R) = f0Rn gravity represents
only a toy model generalization of Einstein's theory. Here we only suggest that several osmologial and astrophysial
results an be well reprodued in the realm of a power-law extended gravity model. This approah allows exibility
in the value of the exponent n, although it would be preferable to determine a model apable of working at various
sales. Furthermore, we do not expet to be able to reprodue the entire osmologial phenomenology by means of
a simple power-law model, whih is not suiently versatile [81℄. For example, it an be easily demonstrated that
this model fails when it is analyzed with respet to its ability of providing the orret evolutionary onditions for
the perturbation spetra of matter overdensities [120℄. This point is typially regarded as one of the most important
arguments suggesting the need for darm matter. If one wants to disard this omponent, it is ruial to math the
observational results related to the large-sale struture of the universe with the CMB. These arry the imprints of
the initial matter spetrum at late times and at early times, respetively. It is important that the quantum spetrum
of primordial perturbations, whih provide the seeds of matter perturbations, an be reovered in the framework of
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Figure 1: The Hubble diagram of twenty radio galaxies together with the gold" SNeIa sample is plotted versus the redshift z,
as suggested in [119℄. The best-t urve orresponds to the f(R) gravity model without dark matter.
Rn gravity. In fat, the model f(R) ∝ R+R2 an represent a viable model with respet to CMB data and is a good
andidate for osmologial ination. To obtain the matter power spetrum suggested by this model, we resort to the
equation for the matter ontrast obtained in Ref. [120℄ for fourth order gravity. This equation an be dedued in the
Newtonian onformal gauge for the perturbed metri [120℄
ds2 = − (1 + 2ψ) dt2 + a2 (1 + 2φ)Σ3i=1(dxi)2 . (58)
In GR, it is φ = −ψ beause there is no anisotropi stress; in general, this relation breaks down in ETGs and the
non-diagonal omponents of the eld equations yield new relations between the potentials φ and ψ. In f(R) gravity,
due to the non-vanishing fR;i;j with i 6= j, the φ − ψ relation beomes sale-dependent. Instead of the perturbation
equation for the matter ontrast δ, we provide here its evolution in terms of the growth index s ≡ d ln δ/d ln a, a
quantity measured at z ∼ 0.15:
s′(a)− s(a)
2
a
+
[
2
a
+
1
a
E′(a)
]
s(a)− 1− 2Q
2− 3Q ·
3Ωm a
−4
nE(a)2R˜n−1
= 0 , (59)
where E(a) = H(a)/H0, R˜ is the dimensionless Rii salar, and
Q = −2fRR c
2 k2
fR a2
. (60)
For n = 1, eq. (60) gives the ordinary growth index relation of the Standard Cosmologial Model. It is lear from
eq. (59) that the latter suggests a dependene of the growth index on the sale whih is ontained in the orretive
term Q and that this dependene an be safely negleted when Q → 0. In the most general ase one an resort to
the limit aH < k < 10−3hMpc−1 in whih eq. (59) is a good approximation, and non-linear eets on the matter
power spetrum an be negleted.
By studying numerially eq. (59) one obtains the evolution of the growth index in term of the sale fator. Assuming,
for simpliity, the initial ondition s(als) = 1 at the last sattering surfae as in the ase of matter domination, the
results are summarized in Fig. 2, whih displays the evolution of the growth index in Rn gravity and in the ΛCDM
model.
In the ase of Ωm = Ωbar ∼ 0.04, one an observe a strong disagreement between the expeted rate of the growth
index and the behavior indued by power-law fourth order gravity models. This negative result is evident in the
predited value of s(az=0.15), whih has been observationally estimated by the analysis of the orrelation funtion
for 220,000 galaxies in the 2dFGRS dataset at the survey eetive depth z = 0.15. The observational result suggests
s = 0.58± 0.11 [121℄, while our model gives s(az=0.15) ∼ 0.117 (k = 0.01), 0.117 (k = 0.001), 0.122 (k = 0.0002).
Although this result seems frustrating with respet to the underlying idea of disarding the dark omponents in the
osmologial dynamis, it does not give substantial improvement in the ase of Rn gravity model plus dark matter.
In fat, it is possible to show that, even in this ase, the growth index predition is far from being in agreement
with the ΛCDM model and again, at the observational sale z = 0.15, there is not enough growth of perturbations
to math the observed large sale struture. In this ase one obtains s(az=0.15) ∼ 0.29 (k = 0.01), 0.29 (k =
0.001), 0.31 (k = 0.0002), i.e., values whih are substantially inreased with respet to the previous ase but still
very far from the experimental estimate. No signiantly dierent results are obtained if one varies the power n
(of ourse, for n → 1, one reovers the standard behavior if a osmologial onstant is added to the model). These
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Figure 2: The evolution of the growth index f in terms of the sale fator. The left panel orresponds to modied gravity, in
the ase Ωm = Ωbar ∼ 0.04, for the SNeIa best t model with n = 3.46. The right panel shows the same evolution in the
ΛCDM model. In the ase of Rn gravity it is shown also the dependene on the sale k. The three ases k = 0.01, 0.001,and
0.0002 have been eamined, and only the last of these three ases revelas a very small deviation from the leading behavior.
results seem to suggest that an extended gravity model inorporating a simple power-law of the Rii salar, although
osmologially relevant at late times, is not a viable desription of the osmi evolution at all sales. Suh a sheme
seems too simple to aount for the entire osmologial phenomenology. In [120℄ a gravity Lagrangian onsidering an
exponential orretion to the Rii salar f(R) = R + A exp(−BR) (with A, B onstants) produes more interesting
results and exhibits a grow fator rate in agreement with the observational results at least in the dark matter ase. To
orroborate this point of view, one has to onsider that when f(R) is hosen starting from observational data in an
inverse approah as in [? ℄, the reonstruted Lagrangian is a non-trivial polynomial in the Rii salar. This result
suggests that the whole osmologial phenomenology an be aounted only by a suitable non-trivial funtion of the
Rii salar rather than a simple power-law. The results obtained in the study of the matter power spetra for simple
Rn gravity do not invalidate the general approah.
VI. DARK MATTER AS CURVATURE
The results obtained at osmologial sales motivate further analysis of f(R) theories from the phenomenologial
point of view. One wonders whether the urvature uid whih works as dark energy ould also play the role of
eetive dark matter, providing an opportunity to reprodue the observed astrophysial phenomenology using only
visible matter (see for a disussion [74℄). It is well known that, in the low energy limit, higher order gravity implies
a modied gravitational potential, whih will play a fundamental role in our disussion. By onsidering a spherial
mass distribution with mass m and solving the vauum eld equations for a Shwarzshild-like metri, one obtains
the modied gravitational potential of the theory f(R) = f0R
n
[122℄
Φ(r) = −Gm
2r
[
1 +
(
r
rc
)β]
, (61)
where
β =
12n2 − 7n− 1−√36n4 + 12n3 − 83n2 + 50n+ 1
6n2 − 4n+ 2 . (62)
This potential orrets the ordinary Newtonian potential with a power-law term. The orretion beomes important
on sales larger than rc and the value of this threshold onstant depends essentially on the mass of the system. The
orreted potential (61) redues to the standard Newtonian potential Φ ∝ 1/r for n = 1, as follows from the inspetion
of eq. (62).
The result (61) deserves some omments. As disussed in detail in [122℄, we have assumed spherial symmetry in
the the weak-eld approximation of the eld equations, whih leads to a orreted Newtonian potential due to the
strong non-linearity of higher order gravity. Note that Birkho's theorem does not hold, in general, in f(R) gravity,
and that spherially symmetri solutions dierent from the Shwarzshild one exist in these ETGs [123℄.
The generalization of eq. (61) to extended soures is ahieved by dividing the latter into innitesimal mass elements
and integrating the potentials generated by these individual elements. An integral over the mass density of the system
is alulated, taking are of possible symmetries of the mass distribution [122℄. One the gravitational potential has
been omputed, one an evaluate the rotation urve v2c (r) and ompare it with the astronomial data. For extended
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Figure 3: Best-t theoretial rotation urve superimposed to the data for the LSB galaxy NGC 4455 (left) and NGC 5023
(right). To better show the eet of the orretion to the Newtonian gravitational potential, we report the total rotation urve
vc(r) (solid line), the Newtonian one (short dashed) and the orretion term (long dashed).
systems, one typially must resort to numerial tehniques, but the main eet may be illustrated by the rotation
urve for the point-like situation, that is,
v2c (r) =
Gm
2r
[
1 + (1− β)
(
r
rc
)β]
. (63)
In omparison with the Newtonian result v2c = Gm/r, the orreted rotation urve is modied by the addition of
the seond term on the right hand side of eq. (63). For 0 < β < 1, the orreted rotation urve is higher than
the Newtonian one. Sine measurements of the rotation urves of spiral galaxies signal irular veloities larger than
predited by the observed luminous mass and Newtonian potential, the above result suggests the possibility that the
modied gravitational potential of fourth order gravity may ll the gap between theory and observations without the
need for additional dark matter.
The orreted rotation urve vanishes asymptotially as in the Newtonian ase, while it is usually laimed that
observed rotation urves are at (i.e., asymptotially onstant). Atually, observations do not probe vc up to innite
radii but only show a at rotation urve (within the unertainties) up to the last measured point. The possibility that
vc goes to zero at innity is by no means exluded. In order to hek observationally this result, we have onsidered a
sample of low surfae brightness (LSB) galaxies with well measured HI and Hα rotation urves extending far beyond
the visible edge of the system. LSB galaxies are known to be ideal andidates to test dark matter models beause
of their high gas ontent, whih allows the rotation urves to be well measured and orreted for possible systemati
errors by omparing 21 m HI line emission with optial Hα and [NII] data. Moreover, these galaxies are supposed
to be dominated by dark matter, so tting their rotation urves without this elusive omponent would support ETGs
as alternatives to dark matter.
Our sample ontains fteen LSB galaxies with data on the rotation urve, the surfae mass density of the gas
omponent and R-band disk photometry extrated from a larger sample seleted by de Blok & Bosma [124℄. We
assume that stars are distributed in an innitely thin and irularly symmetri disk with surfae density Σ(r) =
Υ⋆I0exp(−r/rd), where the entral surfae luminosity I0 and the disk sale length rd are obtained from tting to the
stellar photometry. The gas surfae density has been obtained by interpolating the data over the range probed by
HI measurements and extrapolated outside this range. When tting the theoretial rotation urve, there are three
quantities to be determined, namely the stellar mass-to-light (M/L) ratio Υ⋆, and the theory parameters (β, rc). It
is worth stressing that, while t results for dierent galaxies should provide the same value of β, rc is related to
one of the integration onstants in the eld equations. As suh, this quantity is not universal and its value must be
determined on a galaxy by galaxy basis. However, it is expeted that galaxies with similar mass distributions have
similar values of rc so that the satter in rc must reet the satter in the irular veloities. In order to math the
model with the data, we perform a likelihood analysis for eah galaxy, using as tting parameters β, log rc (with rc
in kp) and the gas mass fration
6 fg. As it is evident from the results of the dierent ts, the experimental data are
suessfully tted by the model [122℄. In partiular, from a purely phenomenologial point of view and leaving aside
6
This is related to the M/L ratio by Υ⋆ = [(1 − fg)Mg ]/(fgLd), where w Mg = 1.4MHI is the gas (HI + He) mass, and Md = Υ⋆Ld
and Ld = 2piI0r
2
d
are the disk total mass and luminosity, respetively.
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for the moment other viability riteria, from the best t range β = 0.80 ± 0.08, one an onlude that Rn gravity
with 2.3 < n < 5.3 (best t value n = 3.2 whih overlaps well the above-mentioned range of n tting SNeIa Hubble
diagram) an be a good andidate for solving the missing matter problem in LSB galaxies without dark matter.
At this point, one wonders whether a link may be found between Rn gravity and the standard approah based
on dark matter haloes sine both theories t equally well the same data. As a matter of fat, it is possible to
dene an eetive dark matter halo by imposing that its rotation urve equals the orretion term to the Newtonian
urve indued by Rn gravity. Mathematially, one an split the total rotation urve derived from Rn gravity as
v2c (r) = v
2
c,N (r) + v
2
c,corr(r), where the seond term is the orretion. Considering, for simpliity a spherial halo
embedding a thin exponential disk, we may also write the total rotation urve as v2c (r) = v
2
c,disk(r) + v
2
c,DM (r) with
v2c,disk(r) the Newtonian disk rotation urve and v
2
c,DM (r) = GMDM (r)/r the dark matter one, MDM (r) being its
mass distribution. Equating the two expressions yields
MDM (η) = Mvir
(
η
ηvir
)
2β−5η−βc (1− β)η
β−5
2 I0(η)− Vd(η)
2β−5η−βc (1− β)η β−52 I0(ηvir)− Vd(ηvir)
(64)
with η = r/rd and Σ0 = Υ⋆i0, Vd(η) = I0(η/2)K0(η/2)× I1(η/2)K1(η/2).7 Moreover,
I0(η, β) =
∫ ∞
0
F0(η, η′, β)k3−βη′
β−1
2 e−η
′
dη′ , (65)
where F0 depends only on the geometry of the system and the subsript vir" indiates virial quantities. Eq. (64)
denes the mass prole of an eetive spherially symmetri dark matter halo whose ordinary rotation urve provides
the part of the orreted disk rotation urve resulting from the addition of the urvature orretion to the gravitational
potential. Clearly, from a phenomenologial point of view there is no way to distinguish this dark halo model from
Rn gravity.
Having assumed spherial symmetry for the mass distribution, it is straightforward to ompute the mass density
for the eetive dark halo as ρDM (r) = (1/4πr
2)dMDM/dr. The most interesting feature of the density prole
is its asymptoti behavior quantied by the logarithmi slope αDM = d ln ρDM/d ln r, whih an be omputed only
numerially as a funtion of η for xed values of β (or n). As expeted, αDM depends expliitly on β, while (rc,Σ0, rd)
enter indiretly through ηvir . The asymptoti values at the entre and at innity (α0 and α∞, respetively) are of
partiular interest. α0 almost vanishes and, in the innermost regions, the density is approximately onstant. Indeed,
α0 = 0 is the value orresponding to models with an isothermal sphere as the inner ore. It is well known that
galati rotation urves are typially best-tted by ored dark halo models. Moreover, the outer asymptoti slope lies
between −3 and −2, values typial of most dark halo models in the literature. In partiular, for β = 0.80 one nds
(α0, α∞) = (−0.002,−2.41), values whih are quite similar to those in the Burkert model, (0,−3). This empirial
model has been proposed to t the LSB and dwarf galaxies rotation urves. The values of (α0, α∞) found for the best-
t eetive dark halo therefore suggest a possible theoretial motivation for Burkert-like models. By onstrution, the
properties of the eetive dark matter halo are losely related to the disk properties, hene some orrelation between
the dark halo and the disk parameters is expeted. In this regard, exploiting the relation between the virial mass and
the disk parameters, one obtains the relation for the Newtonian virial veloity Vvir = GMvir/rvir
Md ∝ (3/4πδthΩmρcrit)
1−β
4 r
1+β
2
d η
β
c
2β−6(1− β)G 5−β4
V
5−β
2
vir
I0(Vvir , β) . (66)
We have heked numerially that eq. (66) may be well approximated byMd ∝ V avir . This relation has the same formal
struture of the baryoni Tully-Fisher (BTF) relationMb ∝ V aflat whereMb is the total (gas plus stars) baryoni mass
and Vflat is the irular veloity on the at part of the observed rotation urve. In order to test whether the BTF an
be explained by the eetive dark matter halo proposed, we should look for a relation between Vvir and Vflat. Suh
a relation annot be derived analytially beause the estimate of Vflat depends on the peuliarities of the observed
rotation urve, suh as how far it extends, and the unertainties on the outermost points. For given values of the disk
parameters, we simulated theoretial rotation urves for some values of rc and measured Vflat nally hoosing the
duial value for rc that gives a value of Vflat as lose as possible to the measured one. Inserting the relation thus
found between Vflat and Vvir into eq. (66) and averaging over dierent simulations, we nally obtain
logMb = (2.88± 0.04) logVflat + (4.14± 0.09) , (67)
7
Here Il and Kl, with l = 1, 2 are the Bessel funtions of rst and seond type, respetively.
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while a diret t to the observed data gives [125℄
logMb = (2.98± 0.29) logVflat + (3.37± 0.13) . (68)
The slope of the predited and observed BTF are in good agreement, lending further support to our approah. The
zero point is markedly dierent from the predited one, being signiantly larger than the observed one. However,
both relations t the data with a similar satter. A disrepany in the zero point an be due to our approximate
treatment of the eetive halo whih does not take into aount the gas omponent. Negleting this term, we should
inrease the eetive halo mass and hene Vvir whih aets the relation with Vflat leading to a higher than observed
zero point. Indeed, the larger Mg/Md, the more the points deviate from our predited BTF thus onrming our
hypothesis. Given this aveat, we an onlude with some ondene that Rn gravity oers a theoretial foundation
even for the empirially found BTF relation.
Although the results outlined here pertain to the simplisti hoie f(R) = f0R
n
of fourth order gravity, they are
nevertheless interesting. The inompatibility of this model with the orret matter power spetrum suggests that a
more ompliated Lagrangian is needed to reprodue the entire dark setor phenomenology at all sales, but it has been
shown that ETGs allow one to approah important issues in osmologial and astrophysial phenomenology. We have
seen that ETGs an reprodue the SNeIa Hubble diagram without dark matter and predit the age of the universe. The
modiation of the gravitational potential arising in higher order gravity ould onstitute a fundamental ingredient in
interpreting the atness of the rotation urves of LSB galaxies. Furthermore, if one onsiders the model parameters
seleted by the t of the observational data of LSB rotation urves, it is possible to onstrut a phenomenologial
analog of the dark matter halo with shape similar to that of the Burkert model. Sine the latter has been empirially
introdued to aount for the dark matter distribution in LSB and dwarf galaxies, this result provides a theoretial
motivation of the Burkert model.
By investigating the relation between dark halo and disk parameters, a relation has been dedued between Md and
Vflat, whih reprodues the baryoni Tully-Fisher law. Exploiting the relation between the virial mass and the disk
parameters, one an obtain a relation for the virial veloity whih an be satisfatorily approximated as Md ∝ V avir .
This result is also intriguing beause it provides a theoretial interpretation of another phenomenologial relation.
Although not denitive, these phenomenologial aspets of f(R) point to a potentially interesting avenue of researh
and support the quest for a unied view of the dark side of the universe.
VII. MASSIVE SCALAR MODES OF f(R) GRAVITATIONAL WAVES
As we have seen, a pragmati point of view ould be to reonstrut the suitable theory of gravity starting from
data. The main issues of this inverse  approah is mathing onsistently observations at dierent sales and taking
into aount wide lasses of gravitational theories where ad ho hypotheses are avoided. In priniple, as disussed
in the previous setion, the most popular dark energy osmologial models an be ahieved by onsidering f(R)
gravity without onsidering unknown ingredients. The main issue to ahieve suh a goal is to have at disposal suitable
datasets at every redshift. In partiular, this philosophy an be taken into aount also for the osmologial stohasti
bakground of gravitational waves (GW) whih, together with CMBR, would arry, if deteted, a huge amount of
information on the early stages of the Universe evolution. In this setion we disuss the osmologial bakground of
gravitational waves (GWs) in generi f(R) theories. The ahievement of deteting massive modes or seleting f(R)-
signatures in the stohasti bakground ould be the nal way to retain or rule out suh theories with respet to GR.
GWs are perturbations hµν of the metri whih transform as 3-tensors. In GR, the equations ruling the propagation
of GWs in the transverse-traeless gauge are
hji = 0 , (69)
where Latin indexes run from 1 to 3. We want to derive the analog of eq. (69) for a generi f(R) theory desribed by
the ation (2). The linearized theory in vauo (S(m) = 0) is onsidered below, so that
S = 1
2k
∫
d4x
√−gf(R) . (70)
Using a onformal transformation, the salar degree of freedom f ′(R) of metri f(R) gravity appears as the onformal
fator in
g˜µν = e
2Φgµν e
2Φ = f ′(R) . (71)
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The onformally equivalent Einstein-Hilbert ation is
S˜ = 1
2k
∫
d4x
√
−g˜
[
R˜+ L (Φ,Φ
;µ
)]
, (72)
where L (Φ,Φ
;µ
)
is the salar eld Lagrangian obtained using the relation
R˜ = e−2Φ
(
R − 6Φ− 6Φ;δΦ;δ
)
(73)
between the Rii urvatures of the onformally related metris gµν and g˜µν . The equation for the gravitational waves
is now
˜h˜ji = 0 , (74)
where
˜ = e−2Φ
(
+ 2Φ;λ∂;λ
)
. (75)
Sine salar and tensor modes are deoupled, we have
h˜ji = g˜
ljδg˜il = e
−2Φglje2Φδgil = h
j
i , (76)
whih means that hji is onformally invariant. As a onsequene, the plane wave amplitudes h
j
i (t) = h(t)e
j
i exp(ikmx
m),
where eji is the polarization tensor, are the same in both metris, a fat that is important in the following.
In a FLRW bakground, eq. (74) beomes
h¨+
(
3H + 2Φ˙
)
h˙+ k2a−2h = 0 (77)
where k is the wave number and h is the amplitude. The solutions of this equation are linear ombinations of Bessel
funtions. Several primordial mehanisms generating GWs are possible. In priniple, one ould seek for ontributions
due to all known high-energy proesses in the early phases of the osmi history.
Here we onsider the bakground of GWs generated during ination, whih is stritly related to the dynamis
of the osmologial model. In partiular, one an assume that the main ontribution to this bakground omes
from the ampliation of vauum utuations at the transition between the inationary phase and the radiation era.
However, we an assume that the GWs generated as zero-point utuations during ination undergo adiabatially
damped (∼ 1/a) osillations until they reah the Hubble radius H−1. This is the partile horizon for the growth of
perturbations. Any previous utuation is smoothed away by the inationary expansion. The GWs freeze out for
a/k≫ H−1 and re-enter the horizon after reheating. The re-entry in the Friedmann era depends on the spatial sale
of the GWs. After re-entry, GWs are in priniple detetable due the Sahs-Wolfe eet that they indue on the CMB
temperature anisotropy △T/T at deoupling. If Φ is the inaton eld, then Φ˙ ≪ H during ination. By using the
onformal time η dened by dη = dt/a, eq. (77) beomes
h′′ + 2
χ′
χ
h′ + k2h = 0 , (78)
where χ = aeΦ and a prime now denotes dierentiation with respet to η. Inside the radius H−1, it is kη ≫ 1. Sine
there are no gravitons in the initial vauum state, only negative-frequeny modes appear and the solution of eq. (78)
is
h = k1/2
√
2/π
1
aH
C exp(−ikη) , (79)
where C is the amplitude parameter. At the rst horizon rossing aH = k, the averaged amplitude Ah = (k/2π)
3/2 |h|
of the perturbation is
Ah =
C
2π2
. (80)
When the sale a/k beomes larger than the Hubble radius H−1, the growing mode freezes. It an be shown that
the upper limit △T/T . Ah is valid sine other eets an ontribute to the bakground anisotropy. From this
onsideration, it is lear that the only relevant quantity is the initial amplitude C in eq. (79), whih is onserved
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until re-entry. This amplitude depends on the fundamental mehanism that generates the perturbations. Ination
produes perturbations as zero-point energy utuations, a mehanism whih depends on the gravitational interation
and (△T/T ) further onstrains the theory of gravity. Considering a single graviton in the form of a monohromati
wave, its zero-point amplitude is obtained from the anonial ommutation relation
[h(t, x), πh(t, y)] = iδ
3(x− y) (81)
at xed time t, where the amplitude h is the eld and πh is the onjugate momentum operator. The Lagrangian for
the h-quantity is
L˜ = 1
2
√
−g˜ g˜µνh;µh;ν (82)
in the onformally resaled FLRW metri g˜µν , where the amplitude h is onformally invariant. This Lagrangian leads
to
πh =
∂L˜
∂h˙
= e2Φa3h˙ (83)
and eq. (81) beomes [
h(t, x), h˙(y, y)
]
= i
δ3(x− y)
a3e2Φ
. (84)
The elds h and h˙ an be expanded in terms of reation and annihilation operators. The ommutation relations in
onformal time are
[hh′∗ − h∗h′] = i(2π)
3
a3e2Φ
. (85)
Eqs. (79) and (80) yield C =
√
2π2He−Φ, where H and Φ are alulated at the rst horizon rossing and, using
e2Φ = f ′(R), the relation
Ah =
H√
2f ′(R)
(86)
is found to hold for a generi f(R) theory. This result deserves some disussion. Clearly, the GW amplitude produed
during ination depends on the theory of gravity whih, if dierent from GR, ontains extra degrees of freedom
whih ould be probed by the Sahs-Wolfe eet. This eet ould be ombined with other onstraints on the GW
bakground if ETGs are probed independently at other sales [126, 127℄.
We are by now familiar with the trae of the eld equations
3f ′(R) +Rf ′(R)− 2f(R) = 0, (87)
and, using the identiations [128℄
Φ→ f ′(R) and dVdΦ → 2f(R)−Rf
′(R)
3
(88)
the Klein-Gordon equation for the eetive salar eld Φ
Φ =
dV
dΦ
(89)
follows. Linearizing around a onstant urvature bakground orresponding to Φ = Φ0, assuming that V has a
minimum at Φ0 [128℄, and expanding as in
V ≃ 1
2
αδΦ2 ,
dV
dΦ
≃ m2δΦ]; , (90)
where the onstant m has the dimensions of a mass, yields
gµν = ηµν + hµν ,
Φ = Φ0 + δΦ ,
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Figure 4: The evolution of the GW amplitude for a few power-law hoies of the sale fator a(t) ∼ ts, the salar eld φ ∼ tm,
and the funtion f(R) ∼ Rn. The horizontal (time) and vertial (amplitude) sales depend on the osmologial bakground
providing a signature of the model.
to rst order in hµν and δΦ. If R˜µνρσ, R˜µν , and R˜ are the linearized quantities orresponding to Rµνρσ , Rµν , and R,
then the linearized eld equations are
R˜µν − 12ηµνR˜ = ∂µ∂νhf − ηµνhf ,
hf = m
2hf ,
(91)
where
hf ≡ δΦ
Φ0
. (92)
The urvature tensor R˜µνρσ and eqs. (91) are left invariant under the gauge transformations
hµν → h′µν = hµν − ∂(µεν) ,
δΦ→ δΦ′ = δΦ .
(93)
By introduing
h¯µν ≡ hµν − h
2
ηµν + ηµνhf (94)
and onsidering the gauge vetor εµ given by
εν = ∂
µh¯µν , (95)
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the Lorenz gauge
∂µh¯µν = 0 (96)
an be hosen. In this gauge the eld equations assume the form
h¯µν = 0 , (97)
hf = m
2hf . (98)
The solutions of eqs. (97) and (98) are the plane waves
h¯µν = Aµν(
−→p ) exp(ipαxα) + .. , (99)
hf = a(
−→p ) exp(iqαxα) + .. , (100)
with
kα ≡ (ω,−→p ) ω = p ≡ |−→p |
qα ≡ (ωm,−→p ) ωm =
√
m2 + p2 .
(101)
Eqs. (97) and (99) are the wave equation for standard GR and its gravitational wave solutions, respetively, whereas
eqs. (98) and (100) are the wave equation and its solution for the massive salar mode of f(R) gravity (f. [128, 129℄).
The dispersion relation for the modes of the massive eld hf is non-linear. Ordinary (i.e., GR) tensor modes h¯µν
propagate at the speed of light c, but the dispersion law (the seond of eqs. (101)) for the salar modes hf is that of
a massive eld wave paket [128, 129℄. The group veloity of a wave paket of hf entered on
−→p is
−→vG =
−→p
ω
, (102)
whih is the veloity of a massive partile with mass m and momentum −→p . The seond of eqs. (101) in onjuntion
with eq. (102) yields
vG =
√
ω2 −m2
ω
(103)
and a wave paket propagates at onstant speed if
m =
√
(1− v2G)ω . (104)
The Lorenz gauge is preserved by gauge trasformations with εν = 0; this gauge imposes the transversality ondition
kµAµν = 0 for the tensor modes, but not for the eld hµν whih ontains a salar mode, as seen from eq. (94), or
hµν = h¯µν − h¯
2
ηµν + ηµνhf . (105)
Were the salar mode massless, one ould impose that
εµ = 0 ,
∂µε
µ = − h¯2 + hf ,
(106)
thus obtaining a transversal total eld. However, as is lear from the previous setions, we are dealing with a massive
salar mode and transversality is impossible. By applying d'Alembert's operator to the seond of eqs. (106) and using
eqs. (97) and (98), it follows that
εµ = m2hf , (107)
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in ontrast with the rst of eqs. (106). Similarly, it is shown that a linear relation between the tensorial modes h¯µν
and the massive salar hf annot exist. Thus, a gauge in wih hµν is purely spatial annot be hosen, i.e., it is
impossible to impose hµ0 = 0, see eq. (105). However, the traeless gauge ondition an be imposed on h¯µν ,
εµ = 0 ,
∂µε
µ = − h¯2 ,
(108)
implying that
∂µh¯µν = 0 . (109)
The gauge transformations
εµ = 0 ,
∂µε
µ = 0 ,
(110)
preserve the gauge ∂µh¯
µν = 0, h¯ = 0. By hoosing −→p along the z-diretion, a gauge an be hosen in whih only A11,
A22, and A12 = A21 are dierent from zero, with the ondition h¯ = 0 providing A11 = −A22. The substitution of
these equations into eq. (105) then yields
hµν(t, z) = A
+(t− z)e(+)µν +A×(t− z)e(×)µν + hf(t− vGz)ηµν . (111)
The term A+(t−z)e(+)µν +A×(t−z)e(×)µν desribes the two standard polarizations of tensor gravitational waves familiar
from GR, while the term hf (t − vGz)ηµν is the massive salar eld harateristi of f(R) gravity. As expeted, the
salar f ′(R) generates a third massive polarization for gravitational waves whih is absent in GR.
VIII. CONCLUSIONS
Let us emphasize one more that we regard f(R) gravity theories not as denitive theories, but rather as toy models
and proofs of priniple that modifying gravity at large sales an explain the observed aeleration of the universe
without the need to advoate exoti dark energy. This hope has stimulated a very intense ativity among theoretiians
([73℄ and referenes therein).
To summarize the status of modied gravity, let us note that metri f(R) gravity models exist that pass all the
observational and theoretial onstraints (see, e.g., the Starobinsky model [103℄ f(R) = R + λR0
 1„
1+R
2
R2
0
«n − 1

).
The viable models require the hameleon mehanism in order to pass the weak-eld limit tests.
All metri f(R) theories must satisfy the ondition f ′′(R) ≥ 0 to avoid the Dolgov-Kawasaki loal instability. This
is a ondition on short-wavelength modes. The stability ondition (41) is valid for arbitrary wavelengths, but is
restrited to de Sitter spae (whih is, anyway, an adiabati approximation for slowly expanding FLRW spaes). An
important open problem is whether urvature singularities appear, in general, in relativisti strong eld stars.
As far as the Palatini formalism is onerned, the entral idea of this version of modied gravity is to regard the
torsion-free onnetion Γµαβ as a quantity independent of the spaetime metri gµν . The Palatini formulation of the
standard Hilbert-Einstein theory is equivalent to the purely metri theory, as a onsequene of the fat that the
eld equations for the onnetion give the Levi-Civita onnetion of the metri gµν . Therefore, there is no reason to
impose the Palatini variational priniple, instead of the metri variational priniple, in the Einstein-Hilbert theory.
However, the situation is difefrent in ETGs ontaining non-linear funtions of the urvature invariants, suh as f(R),
or non-minimally oupled salars. In these ases, the Palatini and the metri variational priniple yield dierent eld
equations and dierent physis [61, 69℄. The relevane of the Palatini approah for osmologial appliations has been
amply demonstrated [43, 44, 70, 71℄. However, Palatini f(R) theories ould have some problems due to the fat that
they ould ontain non-dynamial salar eld and the initial value problem ould be ill-posed. In any ase, when the
trae of the matter energy-momentum tensor vanishes identially or it is a onstant, and when it an be reast in a
perfet-uid form, the Cauhy problem results well-formulated and well-posed.
Metri-ane gravity has not been developed in suient detail to assess its viability aording to all the riteria
presented here, and its osmologial onsequenes are essentially unexplored.
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It seems fair to say that f(R) theories of gravity an help to progress in our understanding of the peuliarities of
GR in the wider landsape of relativisti theories of gravity. Furthermore, these theories point out important aspets
of generalizations of GR, and, from a phenomenologial point of view, onstitute viable alternatives to dark energy
models in explaining the osmi aeleration, and to dark matter in reproduing dynamial features as the galati
rotation urves or the halo of lusters of galaxies [130℄. Finally, it is possible to "tune" the stohasti bakground of
GWs and this ourrene ould onstitute a further osmologial test apable of onrming or ruling out ETGs one
data from interferometers, like VIRGO, LIGO and LISA, will be available (see [131℄ for a disussion on this topi).
At present, no denite predition sets f(R) theories apart from dark energy and other models one and for all, but it
is hoped that progress will me made in this diretion.
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